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with Maxwell’s equations but also shed light on the quantum mystery. 17.5 SuppMat: Calculating the 5D

In this chapter, we discuss the Kaluza—Klein (KK) theory which, in tensors 293
many ways, is a shining example of Einstein’s unification program. It

has stayed relevant even for physics research in the twenty-first century.

However, the Kaluza—Klein theory uses the more conventional quantum

idea and does not illuminate its origin as Einstein had envisioned for a

unified theory.

e The Kaluza—Klein theory is a GR field theory in a spacetime with an
extra spatial dimension. The nonobservation of the extra fifth dimen-
sion is assumed to result from its compact size. (The extra dimension
is curled up.) The theory not only achieves a unification of gravitation
with electrodynamics but also suggests a possible interpretation of the
charge space and gauge symmetry as reflecting the existence of this
compactified extra dimension.

e By way of a long calculation, Theodor Kaluza has shown that the 5D
general relativity field equation with a particular geometry is com-
posed of two parts, one being the Einstein field equation and the other
the Maxwell equation. This remarkable discovery has been called “the
Kaluza—Klein miracle”. The details of this calculation are provided in
the SuppMat Section 17.5. We also discuss the motivation and meaning
of the assumed geometry for this 5D spacetime.

e As gauge symmetry was being developed, Oskar Klein showed that a
gauge transformation could be identified with a displacement in the
extra dimension coordinate in the KK theory. This went a long way
in explaining the KK “miracle”. Also it was demonstrated that the
relativistic Klein—-Gordon wave equation in KK spacetime is equival-
ent to a set of decoupled 4D Klein—Gordon equations for a tower of
particles with increasing masses. Thus the signature of an extra dimen-
sion is the existence of a tower of KK particles, having identical spin
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Kaluza’s paper was sent to Einstein in 1919,
but did not come out in print until two years
later (Kaluza 1921).

and gauge quantum numbers, with increasing masses controlled by the
compactification scale.

o In the last section brief comments are offered of the more recent efforts
in the construction of unified theories with extra dimensions.

17.1 Unification of electrodynamics and gravity
17.1.1 Einstein and unified field theory

Unifying different realms of physics has always led to fresh insight into our
physical world. Maxwell’s and Faraday’s fusion of electricity and magnetism
brought new understanding of light and radiation. Einstein’s motivation for
new physics was often prompted by the promise of wider comprehension that a
new synthesis would bring. Recall his motivation for the principle of relativity.
His special relativity brought about the deep cognizance that space and time
were interchangeable. The resultant insight that spacetime was the arena in
which physical events took place ultimately brought about his geometric theory
of gravitation—in the form of a dynamical spacetime. Concurrently extending
his atomic hypothesis of matter (doctoral thesis and Brownian motion) as well
to radiation, his light quantum idea, he found that the electromagnetic field
could have the puzzling feature of being both wave and particle at the same
time. As we have discussed in Chapter 8, while Einstein appreciated the spe-
cific successes of the new quantum mechanics, he could not believe it as an
acceptable description of reality. It was in this context that Einstein had hopes
of finding a unification of electrodynamics and general relativity that would
also shed light on the quantum mystery. This was the driving force behind his
20-year effort in the unified field theory program.

17.1.2 A geometric unification

Einstein’s accomplishment in formulating a geometric theory of gravitation
naturally led him, and others, in efforts to find a geometric formulation of
Maxwell’s theory. As mentioned in Section 16.5.1, this was the original
motivation of Hermann Weyl and it eventually led to fruition in the form of
interpreting electrodynamics as a gauge interaction. If a more direct geometric
formulation of electromagnetism is possible, it would perhaps make the uni-
fication with gravity more likely. As we shall see in this chapter, a geometric
theory of electrodynamics was actually obtained through a unification attempt,
but it is the geometry of a spacetime with an extra dimension.

While gauge symmetry bears a resemblance to general relativity of being
also a local symmetry, the result still does not seem like much help in find-
ing a unified theory. Gauge invariance being a local symmetry, not in ordinary
spacetime, but in the internal charge space, the question naturally arises: what
exactly is this charge space? A possible answer was found! in 1919 by the
Prussian mathematician Theodor Kaluza (1885-1954). He suggested extend-
ing the general principle of relativity to a hypothetical 5D spacetime—the usual
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4D spacetime augmented by an extra spatial dimension.? It was discovered that
a particular restricted 5D space geometry would lead to a 5D general theory of
relativity with a field equation composed of two parts, one being the Einstein
equation and another being the Maxwell equation.

The possibility of such a ‘miraculous’ unification was explained by the
Swedish physicist Oskar Klein (1894—1977) in the late 1920s when quantum
mechanics and gauge theory were being developed. Klein showed that, in
Kaluza’s 5D theory, a gauge transformation had the geometric significance
of being a displacement in the extra dimension. Thus charge space has the
physical meaning of being the extra space dimension. If this extra dimen-
sion is compactified (so as to have avoided direct detection), quantum theory
predicts the existence of a tower of particles with ever increasing masses
with the mass difference controlled by the compactification length size. This
unified field theory has come to be called the Kaluza—Klein (KK) theory.
However, the KK theory made use of the more conventional quantum idea
and did not shed light on its origin as Einstein had envisioned for the unified
theory.

The Kaluza—Klein theory postulates the existence of an extra spatial dimen-
sion. Our spacetime is actually five-dimensional; it was demonstrated that
electromagnetism can be viewed as part of 5D general relativity. That is, one
can “derive” electrodynamics by postulating the principle of general relativity
in a 5D spacetime. To prepare for the study of this embedding of electromag-
netic gauge theory in a 5D general relativity, we first recall the relevant parts
of gauge symmetry as well as of the GR theory.

17.1.3 A rapid review of electromagnetic gauge theory
Under a U(1) gauge transformation, the 4-vector potential (regarded as the
fundamental electromagnetic field) transforms as

Ay Al = A, + 0,6 (17.1)

where 0(x) is the gauge function, cf. Eq. (16.45). The EM field intensity, being
the 4-curl of the gauge field

Fu,v = B/LAU - avAp,, (17.2)

is clearly invariant under the gauge transformation of (17.1). Requiring the
Lagrangian density to be a relativistic and gauge invariant scalar leads to a free
Maxwell density of

1
Lom =~ FunF"". (17.3)

As discussed in Sections 16.4.2 and 16.4.3, the Euler—Lagrange equation
based on this Lgy is the Maxwell equation. In this sense we say Maxwell’s
theory is essentially determined by (special) relativity and U(l) gauge
symmetry.

2Just about all attempts of extending space-
time dimensions involve extra spatial dimen-
sions. The need to have the extra dimensions
compactified would have to, in the case of an
extra time dimension, overcome the serious
causality difficulties associated with looped
times.



286 The Kaluza—Klein theory

3For such more advanced GR topics, see, for
example, Carroll (2004).

4A symmetric matrix M can always be
diagonalized by a similarity transformation
SMST = M,.

17.1.4 A rapid review of general relativistic
gravitational theory

GR equations are covariant under the general coordinate transformation that
leaves invariant the spacetime interval

ds® = guvdxtdx’,

where g,,, is the metric tensor of the 4D spacetime. Just as the metric can be
interpreted as a relativistic gravitational potential, the Christoffel symbols

1
rh, = 3 8" [0v8up + 9u8up — 0p&uv] » (17.4)

being the first derivative of the potential [cf. Eq. (13.6)] can be thought as the
gravitational field intensities. The Riemann—Christoffel curvature tensor [cf.
Eq. (14.9)]

R} 5= BaFfﬂ — 0T, + A F"fﬁr‘” (17.5)

o Ao’

being the nonlinear second derivatives of the metric, is the relativistic tidal
forces, its contracted version enters into the GR field equation (14.35)

1
R, — ERg,w =«T,, (17.6)

where the Ricci tensor R, and scalar R are contractions of the Riemann
curvature

Ry = 8PRyupy and R = g"Rys (17.7)

and T, is the energy—-momentum tensor for an external source. k is propor-
tional to Newton’s constant.

The Einstein—Hilbert action

Just as Maxwell’s equation can be compactly presented as the Euler—
Lagrangian equation resulting from the variation of the Maxwell action, the
Einstein equation (17.6) is similarly related to the GR Lagrangian density, the
Ricci scalar:

L, =R, (17.8)

for the source-free case (Hilbert 1915, Einstein 1916d). Since only the product
/—gd*x (where g is the determinant of the metric tensor g v) 1s invariant under
the general coordinate transformation,’ the relevant action, called the Einstein-
Hilbert action, is the 4D integral

I, = / V—gd'xL, = f V—gd*xg"" R, (17.9)

We can then derive Eq. (17.6) as the Euler—Lagrange equation from the minim-
ization of this action. The variation of the action 8/, has three parts involving
8R,v, 8g"*, and §,/—g. The integral containing the 8R,,, factor after an integ-
ration by parts turns into a vanishing surface term; the metric matrix being
symmetric* hence obeys the general relation In(det g,,) = Tr(Ing,,) leading
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to the variation of §,/—g = —%J—ggwag‘“’. Consequently the variation

principle requires
1 v
_Rg;w agﬂ =0,

8, = / V—gd'x <R,w -3

which implies the Einstein equation of (17.6). In this sense we can interpret the
general coordinate-invariant Ricci scalar R as representing the (source-free) 4D
gravitational theory.

17.2 General relativity in 5D spacetime

In this section we show how a particular version of the 5D spacetime metric
leads to the Ricci scalar being the sum of Lagrangian densities of Einstein’s
gravity theory and Maxwell’s electromagnetism.

17.2.1 Extra spatial dimension and the Kaluza—Klein
metric

One can motivate the geometric unification by the observation that while we
have the 4-potential A, in electromagnetism, the spacetime metric g, is the
relativistic gravitational potential. One would like to combine these two types
of potentials into one mathematical entity.’

Kaluza starts out by postulating a spacetime with an extra spatial dimension

M= (xo,x',xz,x3,x5) .

However, the metric gy for this 5D spacetime is assumed to have a particular
structure gyn = g}’;’;j having its elements related to the 4D g,,, and A* as,

6

(17.10)

5 A(kk A(kk A(kk
gifﬁ) =g +ALA,, gid) = géu) =A, g(ss) =1. (17.11)
When displayed in 5 x 5 matrix form, we have
5 5(kk)
(k) %) 8us guw +ALA, A,
MN =\ kb | T : (17.12)
g5v g55 Av 1

Equivalently, the corresponding invariant interval in this 5D spacetime can be
written as

dstyy = SundM AR = g, dxtdx” + (dx + Azdx*)?. (17.13)

We should note the particular feature that, with g,, and A* being functions of

the 4D coordinate x*, all the elements of the SD metric g%} have no depend-
ence on the extra dimensional coordinate ° and we also set gg’;") = 1. From this
point on we shall drop the cumbersome superscript label (kk) and the relation
Sun = g%& is always understood.

One can also check that the 5D inverse metric gV must have the

components of

gr=gt, FT=g"=-AN P =144,

(17.14)
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SFurther discussion can be found in Section
17.3.1.

65D quantities will be denoted with a caret
symbol ~. The capital Latin index M =
(n,5)=1(0,1,2,3,5) is for a 5D spacetime,
with the Greek index p for the usual 4D
spacetime and the index 5 for the extra spa-
tial dimension. Our system skips the index 4,
so as not to be confused with another com-
mon practice of labeling the 4D spacetime by
the indices (1,2,3,4) with the fourth index
being the time coordinate. In our system the
time component continues to be denoted by
the zeroth index.
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"The details of calculating the 5D Ricci scalar
R in term of guv and A¥ are provided in
SuppMat Section 17.5.

81t can be similarly shown that the 4D Lore-
ntz force law follows from the 5D geodesic
equation (the GR equation of motion).

or,
g _AM
PN = (17.15)
—A” 1+ AA,
so that a simple matrix multiplication can check out the correct metric relation
GMN5 oM
8 8mN = 8[( .

17.2.2 “The Kaluza—Klein miracle”

From the 5D metric, we can obtain the other curved spacetime quantities by
the usual relations. The 5D Christoffel symbols, cf. Eq. (17.4), are first-order
derivatives of the 5D metric

, 1
Iy = EgMK (On8rkx + O8Nk — Ok 8nL) - (17.16)
The 5D Riemann curvature tensor is a nonlinear derivative of the 5D Christoffel
symbols, cf. Eq. (17.5):

RE oy = 0sThy — Db+ D5 T — DL T (17.17)

Contracting the pair of indices (L, S), we obtain the 5D Ricci tensor, cf.
Eq. (14.23),

Run = RYyy = a0l — vl hy +Thl iy — Tl (17.18)
Contracting one more time, we obtain the 5D Ricci scalar, cf. Eq. (14.25),
R= gMNieMN. (17.19)

Given Kaluza’s stipulation of the 5D metric, it is a straightforward, but rather
tedious, task to calculate the 5D Christoffel symbols, in terms of the famil-
iar 4D metric tensor and 4D electromagnetic potential, and then all the other
5D geometric quantities as listed in Eqgs. (17.16)—(17.19). After an enormous
calculation,” Kaluza obtained the remarkable result that the 5D Ricci scalar R,
which should be the Lagrangian density of a 5D general theory of relativity,
is simply the sum of the Lagrangian densities of the 4D general relativity R
and Maxwell’s electromagnetism, —iF wE*Y where F,, is the Maxwell field
tensor (17.2):

A 1

R=R— JFuF", (17.20)
namely,
4
L =L+ L. (17.21)

The Einstein and Maxwell equations are all components of the 5D GR
field equation.® In this rather “miraculous” way a geometric unification of
gravitation and electromagnetism is indicated.
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17.3 The physics of the Kaluza—Klein spacetime

As indicated above, once we have the KK metric (17.11), the unification of
gravitation and electromagnetism follows by a straightforward calculation.
Thus the whole unification program relies on the structure of the KK metric.
What is the physics behind the KK metric ansatz?

17.3.1 Motivating the Kaluza—Klein metric ansatz

The amazing unification results having their origin in the KK prescription
(17.11) for the metric g%}; it may be worthwhile to motivate the algebra that
can lead one to this metric ansatz.

The metric g,, being the gravitational potential and comparable to the EM
potential A,,, one would like to fit both of them into the 5D gy;y. What should
be the precise identification of the metric elements? Similarly, can one fit
the Christoffel symbols I'"; and EM field tensor F,, (both being first deriv-
atives of the potentials) into f‘}‘\fL? Or, after lowering the upper index in (17.16),

N N 1
Cunve = 8wy = 3 (On8rym + Or&nm — Om8nr) - (17.22)

Out of the 50 elements, we will concentrate on the set with the indices M = pu,
L =5,and N = v in (17.22) as a possible match for the EM field intensity F,,:

Py

1
Pusv=5 (9u8su + 958w — duds) - (17.23)

This suggests the identification with — %F v if the 5D metric elements actually
do not depend on the x> coordinate so that the middle term vanishes, 95 8w =0,
andif §,5 = g5, = A,,. With the further simplifying assumption of §s5 = 1 and
ds?, Kaluza ends up trying the ansatz of (17.11), hence (17.13).

17.3.2 Gauge transformation as a SD coordinate change

The invariant interval dsZ, = gyydids", with the metric gy not being the
most general 5D metric tensor, will not be invariant under the most general
coordinate transformation in the 5D spacetime M — M However, ds%kk), as
we shall show, is unchanged under a subset of coordinate transformations hold-
ing the 4D coordinates fixed and a local displacement of the extra dimensional
coordinate:

PP =x* and X =X =2 +6k). (17.24)
Since we have g,,, (x) depending on the 4D coordinate only, this leads to
g,,(*) = guw(x), and, of course, gs5 = gs5 = 1. (17.25)

Most interestingly, according to the general transformation rule, cf.
Eq. (13.29), with %M /9x" = §¥, we have

oM oxN oy

Al A A

85y = max—,ﬂgﬁm = ax—,ﬂgm

ox’ x| oA 00
=778+ 75785 = (Sl,LgSU - W

S S (17.26)
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Fig. 17.1 Compactified dimension. A 1D
line is revealed to be a 2D surface with one
dimension compactified into a circle.

9Cf. Eq. (11.25).

With the identification of g5, = A,, this is just the gauge transformation
of Eq. (17.1). It is then an easy exercise to check that the KK interval
of (17.13) is unchanged under this restricted 5D coordinate transformation
(17.25) and (17.26).

Recall the discussion in Chapter 16 and reviewed in Section 17.1 that elec-
tromagnetism can to a large extent be determined by the U(1) gauge symmetry.
As the U(1) transformation ™ is equivalent to a rotation by an angle 8, we
can have the literal realization of the gauge transformation as a displacement
along a circle if the x° coordinate is compactified into a circle. (See further
discussion below.) That we can interpret gauge transformations as coordin-
ate transformations in an extra dimension goes a long way in explaining why
Maxwell’s theory is embedded in this higher dimensional GR theory.

17.3.3 Compactified extra dimension

We have explained that the 5D coordinate transformation that leaves the KK
interval invariant is a gauge transformation. Still, why does one restrict the
metric to this g%; form?

The key feature of the KK metric is that its elements are independent of
the extra dimensional coordinate x°. This is rather strange: one postulates a
spacetime with extra dimension (x%, x',x%, x*, x°) yet the fields are not allowed
to depend on the extra coordinate x°!

Kaluza, the mathematician, is silent on the physical reality of the extra
dimension; but Klein, the physicist, proposes that the fifth dimension is real.
It has not been observed because it is extremely small; the extra dimension
is curled up. Just like a garden hose is viewed at a distance as a 1D line, upon
closer inspection one finds a surface composed of a series of circles (Fig. 17.1).
Here one of the two dimensions of the surface is compactified into circles. In
the same manner, Klein proposes that one spatial dimension of our 5D space-
time is compactified: every point in the observed 3D spatial space is actually a
circle.

17.3.4 Quantum fields in a compactified space

The Kaluza—Klein “miracle” was discovered by Kaluza, and was explained by
Klein, who used the then new quantum mechanics to deduce the consequence
of a compactified dimension. This also justifies the restrictions imposed on the
5D metric (Klein 1926).

Consider, as the simplest case, a scalar field q‘)(fcM ) = d)(x“,xs) satisfying a
5D relativistic wave equation (the Klein—-Gordon equation):

2.2
) My Ny
(D - 7><;>(x’v) =0 (17.27)
where (0 is the five-dimensional D’Alembertian operator” (0® = @ +
0%/ Bxsz. Since the extra dimension is a circle (with compactification radius a),
we have the identification of x* and x> + 27a. Thus the wavefunction qb(fcM )
must satisfying the boundary condition of
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p(x,x°) = ¢p(x*,x° + 27a). (17.28)

The field must have a sinusoidal dependence on the x> coordinate, and has the
harmonic expansion

(", x%) = X () e/, (17.29)

In order that the boundary condition (17.28) is satisfied, the momentum in the
extra dimension must be quantized'’

h
p,.=n— with n=0,1,2,... (17.30)
a

A tower of Kaluza—Klein particles in 4D spacetime

To see the implications in the familiar 4D spacetime, we can write out the 5D
Klein—Gordon equation in the 4D spacetime

2.2

2.2
(59 - Vo) = (99438 - ") () =0,

which, after substituting in the series expansion, becomes

2 2.2
Y [(m e ’”220 ) ¢(xu)] G _
a

n

Namely, we have an infinite number of decoupled 4D Klein—Gordon equations

m2c?
<D<4> - 7) P(x*) =0, (17.31)
with a tower of “Kaluza—Klein states” having masses

h2
2_ 2., 2
m, = my+n o (17.32)
Thus the signature of the extra dimension in 4D spacetime is a tower of KK
particles, having identical spin and gauge quantum numbers, with increasing

masses controlled by the compactification scale of a.

Compactification by quantum gravity?
The natural expectation is that the compactification is brought about by the
dynamics of quantum gravity. In this way the compactification radius should
be the order of the Planck length, discussed in Section 3.3.2. That the first KK
state has a mass of at least 10'” GeV would mean that such particles would
not be detectable in the foreseeable future. Nevertheless, the “decoupling” of
the large KK state masses do explain the basic structure of the KK metric
ansatz—the x° independence of the metric elements.

Since only the n = O state is physically relevant, we have from Eqgs. (17.30)
and (17.29) the approximation

P (x*,x°) = do(x*) (17.33)
and the x° dependence of the theory disappears.

10Recall the similar problem of “a particle in
a box” in quantum mechanics.
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' this connection, we note that Oskar Klein
in the late 1930s constructed a 5D theory
that attempted to include not only gravity and
electromagnetism, but also Yukawa-meson-
mediated nuclear forces. Although he did
not explicitly consider any nonabelian gauge
symmetry, his theory had foreshadowed the
later development of Yang-Mills theory, in
particular, charged gauge bosons, etc. He
presented these results in a 1938 conference
held in Warsaw, but never published them
formally. For an appreciation of this 1938
contribution see Gross (1995).

12For a comprehensive and nontechnical dis-
cussion, see Yau and Nadis (2010).

17.4 Further theoretical developments

We have presented the Kaluza—Klein theory as an illustration of Einstein’s uni-
fied field theory. While it is an example of unification of fundamental forces, it
certainly does not have a bearing on Einstein’s loftier goal of a unified theory
that would explain the mystery of quantum physics. In fact KK theory makes
use of conventional quantum mechanics in extracting physical consequences
of a compactified spatial dimension.

Extending the original Kaluza—Klein theory

Scalar-tensor gravity theory Even restricted to the original theory, there is
no strong theoretical argument for setting the metric element gss = 1. A more
natural alternative is to replace it by a field. This would lead to a scalar—tensor
theory of gravity, for which there is no experimental support.

From a circle to Calabi-Yau space From a modern perspective, the KK the-
ory cannot be a complete unified theory because the list of fundamental forces
must be expanded beyond the gravitational and electromagnetic interactions: it
must at least include the strong and weak particle interactions.'! Nevertheless,
the modern development of particle physics has led to the discovery of super-
string theory as a possible quantum gravity theory that has the potential to
unify all fundamental forces. What is most relevant for our discussion here is
the finding that the self-consistency requirement of superstring theory requires
a spacetime to have 10 dimensions. Thus what is needed is not just one extra
dimension curled into a very small circle but six extra dimensions into a more
complicated geometric entity. A much discussed compactification scheme is
the Calabi—Yau space.!? In short, the spirit of Einstein’s unification program,
especially in the form of Kaluza—Klein extra dimensions, is being carried on in
the foremost theoretical physics research of the twenty-first century.

Speculations of a large extra dimension As the current thinking of unific-
ation theory is directly related to the quest for quantum gravity, the natural
unification distance scale is thought to be the Planck length, which is some-
thing like nine orders of magnitude smaller than the highest accelerator can
probe. This makes an experimental test of such theories extremely difficult.
Yet researchers have found the whole idea of extra dimensions so attractive
that there have been serious speculations on the possibility that the compacti-
fication scale is much larger than the Planck size. Maybe the extra dimension
is on the electroweak scale that can possibly be revealed in experiments being
performed at the Large Hadron Collider. These are intriguing speculations that
are being actively pursued.

17.4.1 Lessons from Maxwell’s equations

In this book we have repeatedly discussed the importance of Maxwell’s equa-
tions. We will conclude our presentation by recalling the important lessons that
we have learnt from the structure of these equations:
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e The idea of the photon and quantum theory, brought forth through a deep
statistical thermodynamic study of electromagnetic radiation.

e Einstein’s principle of relativity, that taught us that the arena of physics
is 4D spacetime; this paved the way for a geometric understanding of
gravitation.

e The idea of local symmetry in the charge space, leading eventually to the
viewpoint that all fundamental interactions have a connection with gauge
symmetry.

o Finally, the possibility that spacetime has extra dimensions. This may be
the origin of the charge space.

17.4.2 Einstein and mathematics

“Mathematics is the language of physics.” Such a statement implies a rather
passive role for mathematics. In fact this language has often led the way in
opening up new understanding in physics. This is one of the powerful les-
sons that one gathers from the history of theoretical physics; this account of
Einstein’s physics, we believe, confirms this opinion too. Clearly Einstein’s
discovery that Riemannian geometry offers a truer description of nature is a
brilliant example of such a role. One aspect of Einstein’s scientific biography
can be viewed as the story of his growing appreciation of the role of math-
ematics: starting from his skepticism of higher mathematics, doubting the
usefulness of Minkowski’s geometric formulation of special relativity to the
role that Riemannian geometry played in the implementation of the general
principle of relativity—first learning the new mathematics with the help of
Marcel Grossmann and the eventual discovery of the GR field equation after
much struggle on his own. In the process, Einstein became greatly appreciative
of the role of mathematics as fundamental in setting up new physical theory.
Finding the correct mathematical structure to describe the physical concepts,
and postulating the simplest equation compatible with that structure, are all key
elements in the invention of new theories.

That Einstein had not made more advances in his unified field theory
program may also imply that this great physicist was after all not a com-
parably great mathematician (like the case of Newton). One probably needs
to invent new mathematics in order to forge progress in such a pursuit.'?
It is also interesting to observe the important contributions that mathem-
aticians have made in furthering Einstein’s vision: Hermann Weyl’s gauge
symmetry program and Theodor Kaluza’s 5D GR leading to the ‘Kaluza—Klein
miracle’.

17.5 SuppMat: Calculating the 5D tensors

Here we provide the details of calculating the 5D tensors in terms of the grav-
itational potential g,, and electromagnetic potential A,—all based on the KK
metric prescription given by (17.11).

131n this connection see the comments made
by Roger Penrose in the new Forward he
wrote in the 2005 re-issue of Pais (1982).
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17.5.1 The 5D Christoffel symbols

The 5D Christoffel symbols I'4 are first-order derivatives of the 5D metric
(17.16). They have six distinctive types of terms:

AlPS PR RS AR RS

ka’ Fv)\’ FSA’ FSA’ FSS’ FSS‘
We shall calculate them in terms of the 4D metric g,,,, the electromagnetic
potential A*, and the field tensor F,, = 9,4, — 0,A,,.

The components I'",
According to (17.16), with M = u, N = v, L = A, we have

L 1
I = " 8,81k + 018vk — Ix8u)

\S]

1
_gup (avg)\p + akgvp - 3p§w\)

\S}

1
+ 58" (Oulss + 8us — 058w) - (17.34)

Plugging in the Kaluza metric components of (17.11) and (17.14), we find the
first term on the RHS is just the 4D Christoffel symbols I'; with an extra
term coming from that fact that g, — g,,, = A,A,, while in the second term
we have 0s8,, = 0 because the Kaluza metric elements are independent of the
extra coordinate xs.

. 1
M =T’ + Eglw [9,(A3A,) + 1 (AVA,) — 0,(AvA;) ]

- %A#(aUAA + 9A,). (17.35)

The first two terms in the square bracket on the RHS can be written out as

1
38 [0 (4is) + (4,4,

1
=3 g [(3,A5)A, + As(0,4,) + (0:A0)A, + A, (3,4,)]

1
= 5 [(0,A)A" +8"4,(3,4,) + (HA)A" + A, (324,)] . (17.36)

The first and third terms in this last square bracket just cancel the last term on
the RHS of (17.35). On the other hand the last term in the square bracket on
the RHS of (17.35), when expanded,

1 1
—Eg“”f)p(A,,Ak) = 58" [(8,4,)A5 + A, (9,45)] (17.37)

can be combined with the second and fourth terms on the RHS of (17.36) to
yield

1 1
zg“p [(8,4, — 3,4,) Ay + (834, — 3,4,) A, ] = _EgW(FpUAA + FpiA,).
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All this leads to
L 1
Ll =T = 58" (Fpds + Fpdy). (17.38)

Later on we shall also need the Christoffel symbols I'", with a pair of indices
summed over:

. 1
re, =Tk — zgM’ (FovAp + FuoAy).

The very last factor vanishes because of the opposite symmetry properties of

the two tensors: g"”F,, = 0. Expanding out I'j , we then have

. 1
F\Ifu = Egup(a"glw + 0u8vp — p&up — FﬂVA/i)'
The two middle terms cancel, g (3,8, — 0,8v;) = 0, and this leads to
= 8" 0vgup — SALFY. (17.39)

The components I'5,
According to (17.16), with M = 5,N = v,L = A,

L 1
), = §§5K(3u£’xk + 08k — 31(5’%)
1
= §g5p (avg)»ﬂ + a)\gv,o - apg’vk)
1
+ §§55 (00815 + 3805 — 05802.).- (17.40)

Plugging in the Kaluza metric components of (17.11) and (17.14), and noting
058, = 0, we have

1, = AT, — %AP [3,(A2A4,) + 0:(AvA,) — 3, (A2A,)]
+ %(1 +A%Aq) (3,45 + B,.A,). (17.41)
The first two terms in the square bracket can be written out as
A [0 (4,) + 3 (4,)]
= % [-A”A,(0,45) — A”(3,A,)A; — APA,(3,A,) — A” (8,4,)A,] .
We note that the first and third terms on the RHS just cancel the last two terms

on the RHS of (17.41). The remaining second and fourth terms combine with
the last term in the square bracket of (17.41)
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=34 (A + (3,4, — 8, (3]

—%A" [(8bA,)As — (3,4,)Ax + (324,)A, — (0,45)A,]

1
= —EA” [FupAs + Fi,A, . (17.42)
Equation (17.41) then becomes
A5 o 1 0 1
10, = —AT . — zA [FupAsx + FioA, | + EBW\ (17.43)
where
B, = 0,A;, + 0,A,. (17.44)

The components I'S;
According to (17.16), with M = u,N = 5,L = A,

A

1
It = EguK(asgu( + 385k — 0x8s1). (17.45)

With 058, = 0 and separating the K-index summation into a K = p sum and
aK =5 sum:

—

N ; . . . )
Iy, = Eg“p(angp —0,85.) + —g" (3,855 — 358s2.).- (17.46)

Again we have ds8s; = 0 and as gss = 1 so that 9,855 = 0;

[\

1 1 1
05 = 38" (A, = 9,41) = 28" Fyp = =5 F. (17.47)

Recall from Section 17.3.1 that it is this simple relation that has motivated
the original ansatz for the KK metric. Furthermore we note that the sum over
the indices p and A in f‘;\ vanishes because gh” is symmetric and F),, is
antisymmetric:

. 1
re, = 58" Fuo =0. (17.48)

The components fgx

Following the same steps leading to (17.47), we now calculate the M = 5,
L =X, and u = 5 element:

. 1 1
3, = EgSP (314, — 8,A5) = _EFApAp~ (17.49)

The components I'f; and I
According to (17.46), with A = 5, we have

A

1
s = Eé’”p (9585p — Bpdss) =0 (17.50)

for the same reason that the last factor in (17.46) vanishes.
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Similarly, with & = 5, Eq. (17.49) becomes
R 1
IS5 = 587 (054, — 9pgss) = 0. (17.51)

Collecting all the '}, components in one place, we have from (17.38),
(17.43), (17.47), (17.49), (17.50), and (17.51):

(4 = T — 5 (Rl + FiA)

1 1
ng = _Aprsx - EAP (FW,A,\ + FMJAV) + EBU/\
1

re = -5 ” (17.52)
A5 [
st = _5 ApA

I =13%=0.

17.5.2 The 5D Ricci tensor components
Knowing the Christoffel symbols, we are ready to calculate the Ricci tensor
Ryv according to Eq (17.18).

A

The 5D Ricci tensor components R,

There are two pairs of repeated indices, L and T in (17.18). We will now con-
sider the separate cases when they take on 4D values of L= A and T = 7, or
the extra dimensional value of 5.

1. L=Xand T =1:
(Ruw), = 0,10, =0, 0%, + T} 7 —Th T, (17.53)
S e e e’ N e e e’
(1 @ 3) @
2. L=5and T =7:

(Ryw), = 0515, —8,10s + 03,10, — 0. T's. (17.54)
—— S———— —
) ©) @)
3. L=Xand T =5:
(Ruv), = D510, =TT, (17.55)
N ——’
)
4, L=T =5:
(Ruv), = L3105, =115 (17.56)

®)

Out of the 12 terms on the RHS, three terms vanish: besides the absence of
the x° dependence Bsf'fw = f‘gsf‘fw = 0, we also have f‘isf’fw = 0 because,
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according to (17.52), I'}s = —1F} = 0. Furthermore, the last term in (17.55)
may be written as
_Fﬁsrix = _F}ixrﬁs = _F/SI.‘[FISS

where we reach the last expression by changing the labels of the dummy
indices from A to 7. This makes it clear that this term is really the same as
the last term in (17.54); they are symmetrized with respect to the indices (i, v)
which is justified because the Ricci tensor R, must be symmetric. As a res-
ult, altogether we have eight distinctive terms—four from (17.53), three from
(17.54), and one from (17.56).

In the following we shall substitute into these eight terms the expression
of " as given in (17.52). Keep in mind that, in the first four terms, term 1 to
term 4, the 4D ['s in the 5D I' just combine to form the 4D Ricci tensor R),,.
For the remaining terms, we have

(1) The 9, %, term:
. 1
A A A
(L%, = —Eax (FLA, + FJA,)
1 A A A A
= —E(AVSAFH +ALLFs + FLA, + Fio,A,).  (17.57)

(2) The —9,}, term:

. 1 1
—3,1, = 50 (FiAL+ FjA,) = E(AABVF; + F9,A5). (17.58)
(3) The I}, I'7 term:
A 1 1
I, = _§(F§AT + FiA)TT, — EFQT (FFA, +FiA,)
1
+2 (F}A: + F}A;) (FTA, + FJA,)
= tare p o Lo g _ L e
__z}t v 1_5 vt M_Eﬂ-)\r v
1 1
+ ZF;\F;AAAU + ZF;\F‘ZA,\AN. (17.59)
(4) The —I'} I'7; term:
A T 1 A A T 1 A T T
—I. 0, = E(FVAr + F;A,)T, + EFW(FMA,\ + F{A,)
1
= (P + FiA) (i, + FIA,)
1
= E(A,F;)\Fﬁ + AT FL+ AT F + AT F)

1 T T T T
- (FLFLALA, + FYF[AA, + FiFJA A, + FiFTALA,).
(17.60)
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(5) The —9, T term:

. 1 1 1
9,105 = Eav(F,”A’) = SAT0Fyr + SFucd A" (17.61)
(6) The I3 I'7, term:
A5 AT 1 oTT 1 o) T T
P30 = =5 FopA T, + 7 FopA (FiA, +FiA,)

1 AT 1 T AL 1 T AL
—AT L Fo = (P FAA, = S Fu FJAMA,. (17.62)

(7) The —215 7 term:

s A 1 1
—213 I = —A, T2 F, — EA"(FV,,AT + FrpA))FT, + EBWF;
1
= ATl F, = SFyFlA"A,

1 T AP 1 T

=3 FepFLA Ay + SF By, (17.63)
(8) The —ffsf'is term:
s 1
5

I = —ZFV,,FMAPA*. (17.64)

Collecting all terms of the type FdA: the last two terms in (17.57), one from
(17.58), one from (17.61), and one from (17.63), we have

1 A 1 A 1 A 1 T 1 T
—EFM&A,, — EFua)\Au + EFua.,AA + 3 ur AT 4 EFMB”' (17.65)
The fourth term may be rewritten as follows
1

1 1
3 AT = —EFWBVAT = —EFﬁauAk

which just cancels the third term in (17.65). For the remaining terms, after
using (17.44), we have

1 A 1 A 1 A 1 A
—5FatiAy = SFL8Au + SFLouA, + S F A

1 A 1 A
= —SFlAL + SFL A

1 A 1 A 1 A 1 A
~SFitA, + SFL0uAL — SFLduAy + SF.4;

1
A
= —EFVFM (17.66)
where the final result comes from the combination of the first two terms; we
drop the last two terms because they are antisymmetric with respect to (u, v)
as the Ricci tensor must be symmetric.
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14Recall from Eq. (13.43) that the covariant
derivative of a tensor with multiple indices
(i.e. tensor of higher rank) has a Christoffel
factor for each index.

Collecting all terms of the type FFAA: the last two terms in (17.59), the last
four from (17.60), the last two from (17.62), two from (17.63), and one from
(17.64), we have (not displaying the common 1/4 coefficients)

FIFLAA, + FiFJAA, — FLFLALA, — FIFLA A,

—F;FA,A, — FJFAA, — F FLA*A, — F; . FJA*A,

—2F,,F,A?A, — 2F ,F]A’A, — F,,F ;AP A", (17.67)
Grouping similar terms

FF[AA, — FiF[AA, — Fy FJA*A, — 2F F APA,

TN
= —F F[A*A, + 2F; FA*A, = F). FLAA,, (17.68)
and
F'FTAA, — FiFIA A, — Fy FIA*A, = —F; FTA*A,, (17.69)

again we note that the results from (17.68) and (17.69) form an antisymmetric
combination in (u, v), hence can be dropped. After eliminating seven out of the
11 terms in (17.67) we have four left, with three of them mutually canceling:

—F,F}A;A; — 2F,,F[A’A; — F,,F ;AP A"
= —F}FLA:A; +2F F}AA; — FIF,AA; = 0.

The only nonvanishing term from (17.67) is (and putting back the 1/4 factor)
1 1
—ZFﬁF;AVAM = ZF,\,F“AUA,L. (17.70)

Collecting the remaining terms from (17.57)—(17.64), we have (not display-
ing the common —1/2 coefficients)

A0y F) 4+ A0, Fy— A0, F) + A TS Fr + AT} FF,

uvt T At

+ A Fi— AT F — AT, Fr— AT FT,

ATt v purt T
— AT} Fi—AT0,F e + AT} Foy +2A,T0 F. (17.71)
— —_—

The terms with the same underlines in (17.71) mutually cancel; we are left with
six terms that can be grouped into two combinations (putting back the —1/2
coefficients):

1 A T A AT 1 A
—E(AUBAFM — AT, Fr+ AT, FL) = —5ADIF; (17.72)
and
1 A AT Aot 1 A
—E(AMBAFV — AT FL + AT} F) = —5AuDsF, (17.73)

where D, is the covariant derivative.'*
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Collecting the results from (17.66), (17.70), (17.72), and (17.73) we have,
after putting back the R, discussed just before our calculation of the factors

(D=8,

A\ 1 1 1
le = R/w - EFéFA/L + ZFArFMAvAu - i(AvDAF,i +A/LDAFﬁ)~ (17.74)

The 5D Ricci tensor components Rs,, and Rss
Equation (17.18) with M = 5 and N = v can now be written as

Rs, = 8,15, — 8,15, + I 15, — Tl (17.75)

There are two pairs of repeated indices, L and 7. We will now consider the
separate cases when they take on 4D values of L = X and T = 7, or the extra
dimensional index value of 5.

I. L=Xand T =1:
(Rss), = 0,15, = L%, + T, F5, — I T, (17.76)
2. L=5Sand T =1:
(Rsv), = 513, — 8,135 + 13,15, - [0, T'%s. (17.77)
—_— ==

3.L=Aand T = 5:

(Rsy), = [)s13, — LT3, . (17.78)
— =
4. L=T=S5:
(Rsv), = [3T5, — 315 (17.79)

Those with straight underlines will individually vanish by themselves,
while the two with braces under them cancel each other. We are left with
Rs, = 12 + T2 1L — T T, (17.80)
According to (17.52), ', = —1F} and T}, =T} — 3(F}A; + F}A,)
so that ', =T% — 1(FiA, + F}A,) =T}, — 1F*A;, and we have,
when adding up all the nonvanishing terms from (17.76) to (17.79),

A

1
Rs, = _E(aLFﬁ + T}, F, —T).F})

At
1 A T 1 A A T
+ ZA,\Fth - Z(FUA, + F}A,)F;
1 A 1 AT
= —3DiF) = JAFE; (17.81)

because two middle terms cancel each other.
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Finally, we need to calculate Rss. Just setting v = 5 in (17.80) we have

Rss = 8,02 + T}, 'L — T2 T, (17.82)
Since f’és = 0, we obtain the simple expression
D 1 AT 1 JAY
Rss = _ZFrFA = +ZF’”F . (17.83)

17.5.3 From 5D Ricci tensor to 5D Ricci scalar

Separating out the 5D spacetime index M = (u,5) into the 4D plus the extra
dimensional indices, the Ricci scalar of (17.19) is seen to be composed of three
terms:

R=g"Ryy = 8" R,y + 28" Rs, + 7 Rss. (17.84)

Collecting all the Run components in one place, we have from (17.74), (17.81),
and (17.83):

N 1 1 1

RHV = RIJ-V — EF\};F)LIJ- + ZF)\IFAIAVA” — E(AVD)‘FI); +AND)\F]);)

D 1 A 1 A T

Rsy = —3DiF}s = JAFIF; (17.85)

N 1
Rss = —i—ZFle’“’.

From Egs. (17.84) and (17.85) and the inverse metric elements of (17.14), we
have for the 5D Ricci scalar

R= glwfe;w + Zg'SVIAeSU + gSSRSS

1 1 1
=g [R,w — EFﬁFW + ZF,\IF”AUAM - E(AVDAFﬁ —|—A,4DAF’U\):|

v A 1 v AT 1 A Y
+A'D,F: + 5A AFiF] + Z(l + AYA)Fp F™. (17.86)
The F?A? terms cancel
1 AT v 1 v TA 1 A LV
ZF)LTF AVA + §A AUF)JF + ZA A}LF/“)F == 0 (1787)

The ADF terms cancel because

1
— Eg‘“’ (AVD,\Fﬁ +A,D;,F}) + A"D,F)}

1 L A 1 v A v A
= —JA'D,F}, — SA'D;F} + A'D;F}; = 0. (17.88)

Remarkably, with the Kaluza postulate for the 5D metric gy of (17.11), the
resultant 5D Ricci scalar (17.86) reduces to the simple expression of (17.20):

A

(R,
R=R— FuF". (17.89)

Some people call this the Kaluza-Klein miracle.





